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1 Introduction

A central problem in Mathematics is the classification problem. Given a set of objects and
an equivalence relation, loosely speaking, the problem asks how to find an accessible way
to tell whether two objects are in the same equivalence class. A general approach to this
problem is to find a complete set of (geometric, analytic or algebraic) invariants. In the
subject of Several Complex Variables and Complex Geometry, a fundamental problem is to
classify complex manifolds or more generally, normal complex spaces under the action of bi-
holomorphic transformations. When the normal complex spaces are open and have strongly
pseudo-convex boundary, by the Fefferman-Bochner theorem, one needs only to classify the
corresponding boundary strongly pseudoconvex CR manifolds under the application of CR
diffeomorphisms. The celebrated Chern-Moser theory is a theory which gives two different
constructions of a complete set of invariants for such a classification problem. Among vari-
ous aspects of the Chern-Moser theory (especially the geometric aspect of the theory), the
Chern-Moser-Weyl tensor plays a key role. However, this trace-free tensor is defined in a
very complicated manner. This makes it hard to apply in the applications. The majority
of first several sections in this article surveys some work done in papers of Chern-Moser
[CM], Huang-Zhang [HZh|, Huang-Zaitsev [HZa]. Here, we give a simple and more acces-
sible account on the Chern-Moser-Weyl tensor. We also make an immediate application of
the monotonicity property for this tensor to the study of CR embedding problem for the
positive signature case.
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In the last section of this paper, we present new materials. We will show that the
family of compact strongly pseudo-convex algebraic hypersurfaces constructed in [HLX]
cannot be locally holomorohically embedded into a sphere of any dimension. The argument
is based on the rationality result established in [HLX] and the Segre geometry associated
with such a family. This gives a negative answer to a long standing folklore conjecture
concerning the embeddability of compact strongly pseudo-convex algebraic hypersurfaces
into a sphere of sufficiently high dimension. For an extensive discussion on the history on
the CR embeddability into spheres, we refer the reader to the introduction section of a recent
joint paper of the first author with Zaistev [HZa].

2 Chern-Moser-Weyl tensor for a Levi non-degenerate
hypersurface

In this article, we assume that the CR manifolds under consideration are already embedded
as hypersurfaces in the complex Euclidean spaces. We first consider the case where the
manifolds are even Levi non-degenerate.

We use (z,w) € C* x C for the coordinates of C"*'. We always assume that n > 2,
for otherwise the Chern-Moser-Weyl tensor is identically zero. In that setting, one has to
consider the Cartan curvature functions instead, which we will not touch in this article.

Let M be a smooth real hypersurface. We say that M is Levi non-degenerate at p € M
with signature ¢ < n/2 if there is a local holomorphic change of coordinates, that maps p
to the origin, such that in the new coordinates, M is defined near 0 by an equation of the
form:

r=v—|z[; +o(|z]" + [zul) = 0 (1)

Here, we write u = Rw,v = Sw and < a,b >,= — > i<t a;b; + 2 e ajbj, |22 =< 2,2 >, .
When ¢ = 0, we regard ., a; = 0.

Assume that M is Levi non-degenerate with the same signature ¢ at any point in M. For
a point p € M, a real non-vanishing 1-form 6, at p € M is said to be appropriate contact

form at p if 6, annihilates T,Sl’o) —|—T,§0’1)M and the Levi form Lg, associated with 0, at p € M
has ¢ negative eigenvalues and n — ¢ positive eigenvalues. Here we recall the definition of
the Levi-form Ly, at p as follows: We first extend 6, to a smooth 1-form ¢ near p such that

6|, annihilates Tq(l’o) + Tq(o’l)M at any point ¢ ~ p. For any X, X3 € T,Sl’o), we define

Lgp(Xa,Xg) =1 < d9|p,Xa /\Yﬁ > . (2)



One can easily verify that Ly, is a well-defined Hermitian form in the tangent space of type
(1,0) of M at p, which is independent of the choice of the extension of the 1-form 6. In
the literature, any smooth non-vanishing 1-form # along M is called a smooth contact form,
if 0|, annihilates T DM for any ¢ € M. If 0|, is appropriate at ¢ € M, we call § an
appropriate smooth contact 1-form along M. Write E), for the set of appropriate contact
1-forms at p defined above, and £ for the disjoint union of E,. Then two elements in FE,
are proportional by a positive constant for the case of ¢ < n/2; and are proportional by a
non zero constant when ¢ = n/2. There is a natural smooth structure over £ which makes
E into a R* fiber bundle over M when ¢ < n/2, or a R*-bundle over M when ¢ = n/2.
When M is defined near 0 by an equation of the form as in (1), then ¢0r is an appropriate
contact form of M near 0. In particular, for any appropriate contact 1-form 6y at 0 € M,
there is a constant ¢ # 0 such that 6, = icOr|p. And ¢ > 0 when ¢ < n/2. Applying
further a holomorphic change of coordinates (z,w) — (y/]c]z, cw) and the permutation
transformation (z1, -+, z,, w) = (2, -+ , 21, w) if necessary, we can simply have 6y = i0r|o.
Assign the weight of z,Z to be 1 and that of w,v,w to be 2. We say h(z,Z,u) = 0,(k) if
W — 0 uniformly on compact sets in (z,u) near the origin. We write h®)(z, w) for a
weighted homogeneous holomorphic polynomial of weighted degree k and h*)(z, %, u) for a
weighted homogeneous polynomial of weighted degree k. We first have the following special
but crucial case of the Chern-Moser normalization theorem:

Proposition 2.1 Let M C C" x C be a smooth Levi non-degenerate hypersurface. Let
0, € E, be an appropriate real 1-form atp € M. Then there is a biholomorphic map F' from
a neighborhood of p to a neighborhood of 0 such that F(p) = 0 and F(M) near 0 is defined
by an equation of the following normal form (up to fourth order):

1 _ _ 1 _ _
r=v—|z|7 + Es(z, 2)+ R(z,z,u) =v—|z]] + 1 Z sgﬁ—ygzazgzﬁ,z(; + R(z,z,u) =0. (3)

- 0 = = 0 _ 0 _ 0 0 — 0
Here s(z, Z) = Z Sag,ygzazﬁzyz& Sagfyg - S«/Baé S«,aaﬁv SaE’yS = Spasy and

Z Saﬁwsgo = (4)
a,f=1

where ggo‘ =0 for p # «, ggﬁ =1 for g > E,gOBB = —1 for B < L. Also R(z,Z,u) =
0wt (| (2, w)[*) No(|(z,u)|*). Moreover, we have idr|y = (F~1)*6,.

Proof of Proposition 2.1: By what we discussed above, we can assume that p = 0 and M
near p = 0 is defined by an equation of the form as in (1). We first show that we can get rid
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of all weighted third order degree terms. For this purpose, we choose a transformation of
the form f = 2+ f@(z,w) and g = w+ ¢® (2, w). Suppose that F' = (f1,---, fn,q) = (f, 9)
maps (M,p = 0) to a hypersurface near 0 defined by an equation of the form as in (1)
but without weighted degree 3 terms in the right hand side. Substituting F' into the new
equation and comparing terms of weighted degree three, we get

) (9(3) —2i < z, .f(2) >€> |w:u+i\z\e = G(?’)(z,z, u)

where G® is a certain given real-valued polynomial of weighted degree 3 in ( z,Z,u). Write
G¥(z,z,u) = S{aW (2)w+ Y7, b§2 (2)z;}. Choosing g® = aW (2)w and f( %bg-z)(z), it

then does our job.

Next, we choose a holomorphic transformation of the form f = z + f®(z,w) and g =
w+ g@ (z w) to simplify the weighted degree 4 terms in the defining equation of (M, p = 0).
Suppose that M is originally defined by

r=uv— |22 + AD(2,Z,u) + 0p(4) = 0
and is transformed to an equation of the form:
r=uv—|2|2 + N®(2,%Z,u) 4+ 0, (4) = 0.
substituting the map F' and collecting terms of weighted degree 4, we get the equation:
& (9(4) —2i <z, f® >0) Jwmutilsl, = NW (2,7, u) — AW (2,7, u).
Now, we like to make N as simple as possible by choosing F. Write
—AD =D (2) + 1D ()u+ b0+ V(Y amef)
j=1 lo|=]8]=2
Let
XW(z,w) = bW (2) + b@(2)w + bOw?, —22'5ngj(3)(z, w) = c§3)(z) — i (2)z; — 209 2w
YO = (v® ... y®),
where 5]g is 1 for j > ¢ and is —1 otherwise. Then S (YW —2i <2, X&) >/) + AW (2,7, u) =

—S(bO)|2]2 + > lal=|gl=2 TapZ” 28. By the Fischer decomposition theorem ([SW]), write in
the unique way

—SONeli+ Y dpaef = b2 (2,7) |20+ B (2, 7).
loo|=[B]=2



Here h(®(z,%) and h¥)(z,Z) are real-valued, bi-homogeneous in (z,%) and Ah(z,%) = 0.
Here, we write A, = —ng#;j + D %&2923-' Notice that h® has no harmonic
terms, we can find Z()(z) such that R(< z,ZM(2) >;) = 0 and (2 < 7,20 >) =
h®(z,%). Finally, if we define f = z + X@(z,w) + ZW(2)w and ¢® = w + Y™ then
(f,g) maps (M,0) to a hypersurface with R(z,Z,u) = o0u(4) N O(|(z,u)]?). Now sup-
pose that the terms with non-weighted degree of 3 or 4 in R are uniquely written as
ub® (2, 2) + u*I(W(2)) + bOu? + cOu? with 6@ (z,%) = I(c®(2) + > jal=2,8=1 452" Z).
Then we need to make further change of variables as follows to make R = 0,(4)No(|(z,u)|?)
without changing N®(z, %):

w' =w +we (2) + wb D (2) + ibOw? +icOw,

2= 25+ 0;w0bM (2) 2 + % Z wd, 2% + 5Jg " 22019,

J
|af=2

Now, the trace-free condition in (4) is equivalent to the following condition :
Nys(z,z) = 0.

Indeed, this follows from the following fact: Let Ay = szzl W 9,8, with ik = Rk for any
[,k. Then
Aps®(z,%Z) =4 Z Z ho‘ﬁsaﬁwzyz(g (5)
v,0=1 a,f=1

This proves the proposition. B

We assume the notation and conclusion in Proposition 2.1. The Chern-Moser-Weyl tensor
at p associated with the appropriate 1-form 6, is defined as the 4th order tensor Sy, acting
over Tlgl’o)M®TZ§0’1)M®T7§1’O)M®TZ§0’1)M. More precisely, for each X,,Y,.Z,, W, € Tél’O)M,
we have the following definition:

Let I be the biholomorphic map sending M near p to the normal form as in Proposition
2.1 with F(p) = 0, and write F.(X,) = > 7_ la'az o == X0, F.(Y,) = Y0, '8%]_|0 =Y,
Fu(Zy) =30 & 5% ~lo = Zy, and F,(W,) =377, d]azj o := W)). Then

So, (Xp, Yy, Zp, W) 1= Z Saﬁ sa“bPc7d’, which is denoted by S, (X2,Y9, Z0, WJ).
o,B,7,0=1
(6)



Since the normalization map F' is not unique, we have to verify that the tensor Sy, is
well-defined. Namely, we need to show that it is independent of the choice of the normal
coordinates. We do this in the next section. For the rest of this section, we assume this fact
and derive some basic properties for the tensor.

For a basis {X,}"_, of T,"”M with p € M, write (S6,)apys = So,(Xa, X3, X5, X5).
From the definition, we then have the following symmetric properties:

(S0,)apvs = (S6,)4a5 = (50, )803
(S6,)apys = (S6,)sasy

and the following trace-free condition:

> 47(S0,)aps = 0. (7)

B,a=1

Here _
gaﬁ_ = Lg‘p(Xa,Xﬁ) = _7/ < (d@)‘p,Xa /\ Xﬁ > (8)

is the Levi form of M associated with 6, and ¢ is a smooth extension of 6, as a proper
contact form of M near p. Also, (¢°*) is the inverse matrix of (g,3). In the following, we
write 8 = (F~1)*(0).

To see the trace-free property in (7), we write that F*(XO‘Z = >, _a';%kb. Then
Jag = LQP(XQ,XB) = —1 < (d@)\p,Xa /\Xﬁ >= —1 < (dF*(H)LD,Xa /\Xg >= —1 <
(i100r)o, Fu(Xa) A Fu(Xg) >= (90)iakals. Here (go),; is defined as before. Write G =
(9ap), G° = (90)ap, A = (a}),B = A7! := (b.). Then we have the matrix relation:
G = AGA’. Thus G~ = (A1)~1(G%)~ A=, from which we have g% = blﬁ(go)ﬂb]. Thus,

aBg

9 Pagys = bﬁ(go)]lbaswkakajﬁal a5 _ (go)gl o I

= a5 =0.

We should mention the above argument can also be easily adapted to show the biholo-
morphic invariance of the appropriateness. Namely, if F' is a CR diffeomorphism between
two Levi non—degenerate hypersurfaces M and M of signature ¢. For 0, is an appropriate
contact 1-form at ¢ € M, then F *(9 ) is also an appropriate contact 1-form at F~'(q) € M.

For a smooth vector field X, Y, Z, W of type (1,0) and an appropriate smooth contact
form along M, Sy(X,Y, Z, W) is also a smooth function along M. One easy way to see this
is to use the Webster-Chern-Moser-Weyl formula obtained in [Wel] through the curvature
tensor of the Webster pseudo-Hermitian metric, whose constructions are done by only ap-
plying the algebraic and differentiation operations on the defining function of M. Another
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more direct way is to trace the dependence of the tensor on the base points under the above
normalization procedure.

Assume that ¢ > 0 and define
Co={z€C":|z|, =0}.

Then C, is a real algebraic Varlety of real codimension 1 in C" with the only singularity at
0. For each p € M, write C/T\" M = {v, € TMOM - < (d0)|,, v, A\ v, >= 0}. Apparently,
C/Ty DM s independent of the choice of 6,. Let I’ be a CR diffeomorphism from M to
M. We also have F,(C,/T3 " M) = C/ Ty ) M. Write CTOM =], CT3"" M with the
natural projection 7 to M. We say that X is a smooth section of C,7M% M if X is a smooth
vector field of type (1,0) along M such that X|, € /T3 M for each p € M. C,TUOM is
a kind of smooth bundle with each fiber isomorphic to C,.

Cy is obviously a uniqueness set for holomorphic functions. The following lemma shows

that it is also a uniqueness set for the Chern-Moser-Weyl curvature tensor. (For the proof,
see Lemma 2.1 of [HZh].)

Proposition 2.2 (Huang-Zhang [HZh]) (I). Suppose that H(z,Z) is a real real-analytic
function in (z,Z) near 0. Assume that AN¢H(2,2) =0 and H(z,Z)|¢, =0. Then H(z,2) =0
near 0. (II). Assume the above notation and ¢ > 0. If Sp (X, X,X,X) = 0 for any
X € G M, then S, = 0.

3 Transformation law for the Chern-Moser-Weyl ten-
sor

We next show that the Chern-Moser-Weyl tensor defined in the previous section is well-
defined by proving a transformation law. We follow the approach and expositions developed
in Huang-Zhang [HZh].

Let M C CN+! = {(z,w) € C" x C} be also a Levi non-degenerate real hypersurface
near 0 of signature ¢ > 0 defined by an equation of the form:

= Sw — |Z[f + o([2” + |Zu]) = 0. (9)



Let F:= (f1,.., fu,0,9) : M — M be a smooth CR diffeomorphism. Then, as in [Hul]
and [BH], we can write

= f(z,w) = (fi(z,w),..., falz,w)) = A2U + aw + O(|(z,w)[*)
g

(z,w) = oN*w + O(|(z, w)]?). (10)

z
w

Here U € SU(n,{). (Namely < XU,YU >,=< X,Y >, for any X,Y € C"). Moreover,
ae€C" A>0and o ==1with o =1for £ < 3. When o = —1, by considering F' o 7,
instead of F', where 7n(21,..., 20, 2041, .., 2z, w) = (2241, .., 2n, 21, ..., 20, —W), We can
make o0 = 1. Hence, we will assume in what follows that o = 1.

Write rg = 2R{g,.,(0)}, q(Z, @) = 1+ 2i < 2,A72@ >, +A"*(ro — i|d?)w,

(A1(Z = A23@5) U, A-2)
q(z,w) ’

T(Z,w) =
Then .
Fi(z,w) = (%, g")(z,w) == T o F(z,w) = (z,w) + O(|(z,w)[*) (12)

with R®{gf (0)} = 0.
Assume that M is also defined in the Chern-Moser normal form up to the 4th order:

1 - ~
P = S0 — |27 + 78(2,2) + ou(|(Z,B)[Y) = 0. (13)
Then M* = T(]\/Z) is defined by
1 -
= Sw® — |22 + Zsﬁ(zﬁ, 28+ 0w (|(2%, w?)|) = 0 (14)

with s%(2%, 28) = A"25(\2AU, A220)).
One can verify that

14

=> > + > o )st(z4, 2%) = 0. (15)

AP 95t
o 02;07; Paryd 02;07;

Therefore (14) is also in the Chern-Moser normal form up to the 4th order. Write F*(z, w) =

S e F*®)(z,w). Since F* maps M into M* = T(M), we get the following
%{Z gﬁ(k—i_l)('z? 'lU) — 2 Z < fﬁ(k) (Za w)> Z >€}

k>2 k>2

= Y <), TG ) ot 3 (s(2 ) — 51(2,7) + ow(4)
k1, ka>2

(16)



over Sw = |z|2. Here, we write F*(z,w) = (f*(z,w), ¢*(z,w)).
Collecting terms of weighted degree 3 in (16), we get

g P (z,w) — 2 < fHO(z,w),Z2 > =0 on Sw= |22

By [Hul], we get ¢*® =0, f42) = 0.
Collecting terms of weighted degree 4 in (16), we get
1

1(5(2,2) = (2.2).

3 (2 w) = 20 < fO(z,0), 2 >} =

Similar to the argument in [Hul] and making use of the fact that { a;‘i o (0)} =0, we get
the following:

O =0, F1 (2 w) = Lo (2o,

1

1 - (17)
<a(2),2 > |2[; ZZ(S(Z,Z) —§%(2,2) = Z(s(z, 2) — A 725(\2U, A20)).

Since the right hand side of the above equation is annihilated by A, and the left hand side
of the above equation is divisible by |z|2. We conclude that f*®(z,w) = 0 and

s(z,2) = X 25 (AU, A20). (18)

Write 6y = i0r|y and 670 = i0r|p. Then F*(670) = A\2fy. For any X = Z?Zl zja%jb,
F.(X)= A(zl%b, e ,zn%\o)U. Under this notation, (19) can be written as

Sf,*((;o)(X, X, X, X) = Sp(F.(X), F(X), Fu(X), F.(X).
This immediately gives the following transformation law and thus the following theorem,

too.

S iy (X, Y, 2, W) = Sp(F(X), F.(Y), Fu(2), F.(W), for X,Y,2,W € MM (19)

Theorem 3.1 (1). The Chern-Moser-Weyl tensor defined in the previous section is in-
dependent of the choice of the normal coordinates and thus is a well-defined fourth order
tensor. (2). Let F' be a CR diffeomorphism between two Levi non-degenerate hypersurfaces

M, M' C C""'. Suppose F(p) = q. Then, for any appropriate contact 1-form 6, of M at q



and a vectorv € TIELO)M, we have the following transformation formula for the corresponding
Chern-Moser-Weyl tensor:

Sép(F*(U1>7 F*(U2)7 F*(U3>7 F*(U4>> = SF*(gq)(U17U_27 U37U_4>- (20)

Proof: Let 6, be an appropriate contact form of M at p, and let Fi, F, be two nor-
malization (up to fourth order) of M at p. Suppose that F;(M) and Fy(M) are defined
near 0 by equations r; = 0 and 7, = 0 as in (1), respectively. Write ® = Fy o F;'" and
05 = i0ry, 05 = i0ry. We also assume that Fy(63) = 6, and F;(63) = 6,. Then for any
X,.,Y,, Zy, W, € T\ M, we have

Sy (X Yoo Zp. Wy) = S (F1) (X)), (F1)(Yp), (F1)x(Zy), (F1)<(W)))
if we define the tensor at p by applying F5. We also have
S, (Xps Yo, Zp, W) = S5 (F2)+(Xp), (F2)(Yp), (F2)i(Z,), (F2): (W),

if we define the tensor at p by applying Fh. Since 63 = ®*(6}), and ®.((F1).(X,)) =
(F3)«(X,), by the transformation law obtained in (19), we see the proof in Part I of the
theorem. The proof in Part II of the theorem also follows easily from the formula in (19).

4 A monotonicity theorem for the Chern-Moser-Weyl
tensor

We now let M, C C"*! be a Levi non-degenerate hypersurface with signature ¢ > 0 defined
in the normal form as in (3). Let F' = (f1,---, fn,g) be a CR-transversal CR embedding
from M, into ]HléV 1 with N > n. Then again as in Section 3, a simple linear algebra
argument ([HZh]) shows that after a holomorphic change of variables, we can make F' into
the following preliminary normal form:

f(z, w) = (fi(z,w), ..., fv(z,w)) = XU + aw + O(|(z, w)|?)
g(z,w) = o *w + O(|(z,w)[%).

(21)

2w
I

Here U can be extended to an N x N matrix U € SU(N, ¢). Moreover, @ € CV, A > 0 and
o= =1 with o =1 for £ < . When 0 = —1, gs discussed before, by considering F' o 7,
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instead of F', where 7n(21,..., 20, 2041, 2, w) = (2241, 20, 215 ..+, 22, —W), We can
make o0 = 1. Hence, we will assume that o = 1. B
Write rg = 1R{g,,(0)}, q(Z, @) =1+ 2i < Z,A72@ >, +A"*(ro — i|d3)w,
(A HE = A2qw) U, A 20)
q(z, w) '

T(z,w) = (22)
Then .

Fi(z,w) = (f*,¢°)(z,0) := T o F(z,w) = (2,0,w) + O(|(z,w)|*) (23)
with R{g% (0)} = 0. Now, T(H, ") = HY*™'. With the same argument as in the previous
section, we also arrive at the following:

{
¢*® = ¢# W =0, 1O (2 w) = 5a(l)(z)w’

< a0(2),2 >0 |2} = |60 (2) 4 g5(2,2).
In the above equation, if we let z be such that |z|, = 0, we see that s(z,Z) < 0. Now, if
F is not CR transversal but not totally non-degenerate in the sense that F' does not map
an open subset of C" into HY' (see [HZh]), then one can apply this result on a dense open
subset of M [BER] where F'is CR transversal and then take a limit as did in [HZh]. Then
we have the following special case of the monotonicity theorem for the Chern-Moser-Weyl
tensor obtained in Huang-Zhang [HZh]:

Theorem 4.1 (/[HZh]) Let M, C C"*! be a Levi non-degenerate real hypersurface of signa-
ture €. Suppose that F' is a holomorphic mapping defined in a (connected) open neighborhood
U of M in C"! that sends M, into HY T < CN*'. Assume that F(U) ¢ HY ™. Then
when € < 3, the Chern-Moser-Weyl curvature tensor with respect to any appropriate contact
form 0 is pseudo semi-negative in the sense that for any p € M, the following holds:

So|, (Vp, Tp, Uy, Tp) <0, for v, € Cnggl’O)M. (25)

When { = 3, along a certain contact form 0, Sp is pseudo negative.

(24)

5 Counter-examples to the embeddability problem for
compact algebraic Levi non-degenerate hypersurfaces
with positive signature into hyperquadrics

In this section, we apply Theorem 4.1 to construct a compact Levi-nondegenerate hypersur-
face in a projective space, for which any piece of it can not be holomorphically embedded
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into a hyperquadric of any dimension with the same signature. This section is based on the
work in the last section of Huang-Zaitsev [HZa].
Let n, ¢ be two integers with 1 < ¢ < n/2. For any €, define

n+1
M, = {[ZO,--- 2] € PP z|2< Z|z]|2+ > |z]|2> +e(la)t = lzan]?) :0}.

Jj=l+1

Here |2]? = Z"H |z;|? as usual. For e = 0, M, reduces to the generalized sphere with
signature ¢, Wthh is the boundary of the generalized ball

n+1
B! = {{[Zo,"' Zng1] € PPTL Z|z]|2—|— Z |2 <O}

j=0+1

The boundary 8183?“ is locally holomorphically equivalent to the hyperquadric ]HI?Jrl c Cntt
of signature ¢ defined by Sz, = — Z§:1 2% + Z;‘:Zlﬂ 2%, where (21, ,2,41) is the
coordinates of C"*1.

For 0 < € << 1, M, is a compact smooth real-algebraic hypersurface with Levi form
non-degenerate of the same signature /.

Theorem 5.1 ([HZaj) There is an €y > 0 such that for 0 < € < €, the following holds:
(i) M, is a smooth real-algebraic hypersurface in P"*1 with non-degenerate Levi form of
signature € at every point. (i) There does not exist any holomorphic embedding from any
open piece of My into H)Y ™.

When 0 < € << 1, since M, is a small algebraic deformation of the generalzied sphere,
we see that M, must also be a compact real-algebraic Levi non-degenerate hypersurface in
P+ with signature ¢ diffeomorphic to the generalized sphere which is the boundary of the
generalized ball Bt C Prtt.

Proof of Theorem 5.1: The proof uses the following algebraicity of the first author:

Theorem 5.2 (Hu2, Corollary in §2.3.5) Let M; C C" and My C CN with N > n > 2
be two Levi non-degenerate real-algebraic hypersurfaces. Let p € My and U, be a small
connected open neighborhood of p in C™ and F be a holomorphic map from U, into C¥ such
that F(U, N\ M) C My and F(U,) ¢ Ms. Suppose that My and My have the same signature
¢ at p and F(p), respectively. Then F' is algebraic in the sense that each component of F
satisfies a nontrivial holomorphic polynomial equation.
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Next, we compute the Chern-Moser-Weyl tensor of M, at the point

Py:=1[&.- .60 ], & =0forj#0,0+1, &=1, =1,

and consider the coordinates

i : l-o
:1 e g e
y o J ) I3) 5@-‘1-1 1+O_7

50:17 é-]: ) j:€+177n

R
5]—1—1 l+o
Then in the (7, o)-coordinates, Py becomes the origin and M, is defined near the origin by

an equation in the form:

4 n
p=—4Ro = [+ 3 Inyl +allml* = nl") +o(lnl) = 0. (26)
Jj=1 j=l+1
for some a > 0. Now, let Q(n,7) = —a(Jm|* — |n.|*) and make a standard ¢-harmonic

decomposition [SW]:

Q(n,7) = N®2(n,7) + ASY (), 7)In|2. (27)

Here N?2(n,n) is a (2,2)-homogeneous polynomial in (1,7) such that AN (n,7) = 0
with A, as before. Now N22) is the Chern-Moser-Weyl tensor of M, at 0 (with respect to
an obvious contact form) with N@2 (n,7) = Q(n,n) for any n € CTO(LO)Me. Now the value
of the Chern-Moser-Weyl tension has negative and positive value at X; = aim + %ﬂb and

Xy = % + %b, respectively. If £ > 1, then both X; and X, are in CTo(l’O)Me. We see
that the Chern-Moser-Weyl tensor can not be pseudo semi-definite near the origin in such
a coordinate system.

Next, suppose an open piece U of M, can be holomorphically and transversally embedded
into the Hév L for N > n by F. Then by the algebraicity result in Theorem 5.2, F is
algebraic. Since the branching points of F' and the points where F' is not defined (poles or
points of indeterminancy of F') are contained in a complex-algebraic variety of codimension
at most one, F' extends holomorphically along a smooth curve ~ starting from some point
in U and ending up at some point p*(~ 0) € M, in the (1, o)-space where the Chern-Moser-
Weyl tensor of M, is not pseudo-semi-definite. By the uniqueness of real-analytic functions,
the extension of F' must also map an open piece of p* into Hév 1 The extension is not
totally degenerate. By Theorem 4.1, we get a contradiction. W
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6 Non-embeddability of compact strongly psuedo-convex
real algebraic hypersurfaces into spheres

As discussed in the previous sections, spheres serve as the model of strongly pseudoconvex
real hypersurfaces where the Chern-Moser-Weyl tensor vanishes. An immediate applica-
tion of the invariant property for the Chern-Moser-Weyl tensor is that very rare strongly
pseudoconvex real hypersurfaces can be biholomorphically mapped to a unit sphere. Moti-
vated by various embedding theorems in geometries (Nash embedding, Remmert embedding
theorems, etc), a natural question to pursue in Several Complex Variables is to determine
when a real hypersurface in C" can be holomorphically embedded into the unit sphere
SN ={ZecCN:||Z||* =1}.

By a holomorphic embedding of M C C" into M’ C C¥, we mean a holomorphic
embedding of an open neighborhood U of M into a neighborhood U’ of M’, sending M into
M'. We also say M is locally holomorphically embeddable into M’ at p € M, if there is a
neighborhood V' of p and a holomorphic embedding F : V — C¥ sending M NV into M.

A real hypersurface holomorphically embeddable into a sphere is necessarily strongly
pseudoconvex and real-analytic. However, due to results by Forstneri¢ [Forl] (See a recent
work [For2] for further result) and Faran [Fal, not every strongly pseudoconvex real-analytic
hypersurface can be embedded into a sphere. Explicit examples of non-embeddable strongly
pseudoconvex real-analytic hypersurfaces constructed much later in [Zal]. Despite a vast
of literature devoted to the embeddability problem, the following question remains an open
question of long standing. Here recall a smooth real hypersurface in an open subset U of C"
is called real-algebraic, if it has a real-valued polynomial defining function.

Question 6.1 Is every compact real-algebraic strongly pseudoconvex real hypersuraface in
C"™ holomorphically embeddable into a sphere of sufficiently large dimension?

Part of the motivation to study this embeddability problem is a well-known result due to
Webster [We2] which states that every real-algebraic Levi-nondegenerate hypersurface ad-
mits a transversal holomorphic embedding into a non-degenerate hyperquadric in sufficiently
large complex space. (See also [KX] for further study along this line.) Notice that in [HZal,
the authors showed that there are many compact real-algebraic pseudoconvex real hyper-
surfaces with just one weakly pseudoconvex point satisfying the following property: Any
open piece of them cannot be holomorphically embedded into any compact real-algebraic
strongly pseudoconvex hypersurfaces which, in particular, includes spheres. Many other
related results can be found in the work of Ebenfelt-Son [ES|, Fornaess [Forn], etc.

In [HLX], the authors constructed the following family of compact real-algebraic strongly
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pseudoconvex real hypersurfaces:

M, = {(z,w) € C?: go(|2|® + cRe|2|*2%) + |w|?* + 2| + ¢|z]> =1 =0}, 0<e<1. (28)

Here, 2 < ¢ < %, go > 0 is a sufficiently small number such that M, is smooth for all
0 < e < 1. An easy computation shows that for any 0 < € < 1, M, is strongly pseudoconvex.
M, is indeed a small algebraic deformation of the boundary of the famous Kohn-Nirenberg
domain [KN]. It is shown in [HLX] that for any integer N, there exists a small number
0 < €(N) < 1, such that for any 0 < ¢ < €(N), M. cannot be locally holomorphically
embedded into the unit sphere S?V~! in CV. More precisely, any holomorphic map sending

an open piece of M, to S?*~! must be a constant map. We will write
pe = pe(z,w,Z,W) = eo(]2|® + cRe|2?2°) + |w|* + |2]"° + €|z|* — 1.

We first fix some notations. Let M C C™ be a real-algebraic subset defined by a family
of real-valued polynomials {p.(Z,Z) = 0}, where Z is the coordinates of C". Then the
complexification M of M is the complex-algbraic subset in C" x C™ defined by p,(Z, W) =0
for each a, (Z, W) € C" x C™. Then for p € C", the Segre variety of M associated with the
point p is defined by Q, := {Z € C" : (Z,p) € M}. The geometry of Segre varieties of a
real-analytic hypersurface has been used in many literatures since the work of Segre [S] and
Webster [We].

In this note, fundamentally based on our previous joint work with Li [HLX], we show that
M, cannot be locally holomorphically embedded into any unit sphere. The other important
observation we need is the fact that for some p € M., the associated Segre variety (), cuts
M, along a one dimensional real analytic subvariety inside M.. The geometry related to
intersection of the Segre variety with the boundary plays an important role in the study
of many problems in Several Complex Variables. (We mention, in particular, the work of
D’Angelo-Putinar [DP], Huang-Zaitsev [HZa]).

This then provides a counter-example to a long standing open question— Question 6.1.
(See [HZa] for more discussions on this matter).

Theorem 6.2 There exist compact real-algebraic strongly pseudoconver real hypersurfaces
in C2, diffeomorphic to the sphere, that are not locally holomorphically embeddable into any
sphere. In particular, for sufficiently small positive €y, €, M, cannot be locally holomorphically
embedded into any sphere. More precisely, a local holomorphic map sending an open piece
of M, to a unit sphere must be a constant map.

Write D, = {p. < 0} as the interior domain enclosed by M,. Since M, is a small smooth
deformation of {|z|'® + |w|*> = 1} for small gy and e. This imples M, is diffeomorphic to
the unit sphere S* for sufficiently small £y and e. Consequently, M, separates C? into two
connected components D, and C? \ D..
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Proposition 6.3 Let py = (0,1) € M,. Let Q,, be the Segre variety of M, associated to py.
There exists € > 0 such that for each 0 < € <€, Qp, N M, is a real analytic subvariety of
dimension one.

Proof of Proposition 6.3: It suffices to show that there exists ¢ € @), such that ¢ € D..
Note that Q,, = {(z,w) : w = 1}. Set

(2, €) = eo(]2|® + cRe|z[22%) + 2" + ¢|z)?, 0 < e < 1.

Note ¢ = (po,1) € D, if and only if 1(ug, €) < 0. Now, set ¢(A, €) = egA®(1—c)+A10+eX?, 0 <
e < 1. First we note there exists small A’ > 0, such that ¢(\,0) < 0. Consequently, we can
find € > 0 such that for each 0 < € <€ (N, €) < 0. Write jo = Ne's. It is easily to see that
(o, €) < 0if 0 < e < €. This establishes Proposition 6.3. B

Proposition 6.4 Let M = {Z € C" : p(Z,Z) = 0},n > 2, be a compact, connected,
strongly pseudo-convex real-algebraic hypersurface. Assume that there exists a point p € M
such that the associated Segre variety @, of M s irreducible and Q),, intersects M at infinitely
many points. Let F' be a holomorphic rational map sending an open piece of M to the unit
sphere S?N=1 in some CN. Then F is a constant map.

Proof of Proposition 6.4: Let D be the interior domain enclosed by M. From the as-
sumption and a theorem of Chiappari [Ch], we know F' is holomorphic in a neighborhood
U of D and sends M to S?V~!. Consequently, if we write S as the singular set of F, then
it does not intersect U. Write @ for the Segre variety of S?N-1 associated to ¢ € CV. We
first conclude by complexification that for a small neighborhood V' of p,

F(QpyNV) C Qpgy- (29)

Note that SN @), is a Zariski close proper subset of (),. Notice that (), is connected as it is
irreducible. We conclude by unique continuation that if p € @), and F' is holomorphic at p,
then F(p) € Q- In particular, if p € Q, N M, then F(p) € Q' NS*™=1 = {F(p)}. That
is, F'(p) = F(p).

Notice by assumption that @), N M is a compact set and contains infinitely many points.
Let p be an accumulation point of @), N M. Clearly, by what we argued above, F' is not
one-to-one in any neighborhood of p. This shows that F' is constant. Indeed, suppose F
is not a constant map. We then conclude that F' is a holomorphic embedding near p by a
standard Hopf lemma type argument (see [Hu2], for instance) for both M, and S*~! are
strongly pseudo-convex. This completes the proof of Proposition 6.4. R
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Proof of Theorem 6.2: Pick py = (0,1) € M,. Notice that the associated Segre variety
Qpo = {(2,1) : z € C} is an irreducible complex variety in C2. Let €,¢&q be sufficiently small
such that Proposition 6.3 holds.

Now, let I’ be a holomorphic map defined in a small neighborhood U of some point
q € M, that sends an open piece of M, into S~ N € N. Tt is shown in [HLX] that F is a
rational map. Then it follows from Proposition 6.4 that F' is a constant map. We have thus
established Theorem 6.2. &
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